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In this article, we characterize all signless Laplacian integral graphs
(here called Q-integral graphs) in the following classes: complete
split graphs, multiple complete split-like graphs, extended complete
split-like graphs,multiple extended split-like graphs. All these graphs
were deﬁned by Hansen et al. [P. Hansen, H. Melot, D. Stevanovic´,
Integral complete split graphs,Univ. Beograd, Publ. Elektrotehn. Fak.
Ser. Mat. 13 (2002) 89–95]. Also, we characterize all Q-integral
graphs of the form Kn1 ∨ (Kn2 ∪ Kn3), where Kni , i = 1, 2, 3, is a
complete graph on ni vertices. These characterizations allow us to
exhibit many inﬁnite families of Q-integral graphs.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a simple graph on n vertices. The signless Laplacian matrix of G is Q(G) = A(G) + D(G), or
simply Q , where A(G) is its adjacency matrix and D(G) = diag(d1, . . . , dn) is the diagonal matrix of
the vertex degrees in G [1]. The spectrum of Q(G), SpQ (G) = (q1, . . . , qn−1, qn), is the sequence of the
eigenvalues of Q(G) displayed in non-increasing order q1  · · · qn−1  qn. Results related to Q and
its spectrum can be found in [1–4].
A graph G is Q-integral if the spectrum of Q(G) consists only of integers [2,3]. For a regular graph
G, it is well known that G is integral if and only if it is Laplacian integral. Since PA(G, x) = PQ (G, x +
r) and PL(G, x) = (−1)nPQ (G, 2r − x), where PA(G, x), PL(G, x) and PQ (G, x) are the characteristic
polynomials of the respective matrices adjacency, Laplacian and Q-matrix (see [1]), the condition
above is also necessary and sufﬁcient to characterize Q-integral regular graphs. As an example, we
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immediately have the complete graphs as an inﬁnite class of graphswhich are simultaneously, integral,
Laplacian integral and Q-integral.
Our aim in this paper is to build families of Q-integral graphs. They are obtained from complete
graphs by union, cartesian product and join operations.
The article is structured as follows: Section 2 is dedicated to study the characteristic polynomial
and determine Q-integrality conditions of some special graphs. Section 3 is divided into two parts: in
the ﬁrst one we present Q-integral inﬁnite families of complete split graphs,multiple complete split-like
graphs, extended complete split-like graphs and multiple extended split-like graphs. All those families
were deﬁned in [5]. In the second partwe give a characterization ofQ-integrality for Kn1 ∨ (Kn2 ∪ Kn3)
graphs and we exhibit inﬁnite families of Q-integral graphs of this kind.
2. Some results about Q-integral graphs
We ﬁrst recall the deﬁnitions of some operations with graphs that will be used to build inﬁnite
families of Q-integral graphs. Let G1 = (V1, E1) and G2 = (V2, E2) be graphs.
• The Cartesian product of G1 and G2 is the graph G1 × G2, whose vertex set is V = V1 × V2 and
where two vertices (u1, u2) and (v1, v2) are adjacent if and only if u1 is adjacent to v1 in G1 and
u2 = v2 or u1 = v1 and u2 is adjacent to v2 in G2.• The union ofG1 andG2 is the graphG1 ∪ G2 (orG1 + G2), whose vertex set is V1 ∪ V2 andwhose
edge set is E1 ∪ E2.• The complete product or join of graphs G1 and G2 is the graph G1 ∨ G2 obtained from G1 ∪ G2 by
joining each vertex of G1 with every vertex of G2.
Since the signless Laplacianmatrix of the graph G1 × G2 is given by Q(G1 × G2) = Q(G1) ⊗ In2 +
In1 ⊗ Q(G2),whereni = |Vi|, Ini is the identitymatrix of orderni and⊗denotes theKroneckerproduct
of matrices, the Q-eigenvalues of G1 × G2 are all possible sums q(1)i + q(2)j , where q(1)i , q(2)j are the
Q-eigenvalues of G1 and G2 (see [4]). So, if G1 and G2 are Q-integral graphs, G1 × G2 is also Q-integral.
Henceforth, 1j and 0j are the vectors of order jwith all elements equal to 1 and 0, respectively, and
0j, k denotes the j × k all zeros matrix. Moreover, we denote the j × j all ones matrix by Jj , and the
j × k all ones matrix by Jj, k .
In the next theorems, we determine the Q-characteristic polynomials for graphs G1 ∨ G2 and G1 ∨
(G2 ∪ G3), where Gi is ri-regular, for i = 1, 2 and 3. In the literature (see [6]) we can ﬁnd analogous
results to Theorem 2.1 and Corollary 2.1 related to the adjacency matrix.
Theorem 2.1. For i = 1, 2, let Gi be a ri-regular graph on ni vertices. Then, the characteristic polynomial
of the matrix Q(G1 ∨ G2) is
PQ (G1 ∨ G2, x) = PQ (G1, x − n2)PQ (G2, x − n1)
(x − 2r1 − n2)(x − 2r2 − n1) f (x),
where f (x) = x2 − (2(r1 + r2) + (n1 + n2))x + 2(2r1r2 + r1n1 + r2n2).
Proof. For i = 1, 2, let Gi be a ri-regular graph with ni vertices. Then, the signless Laplacian matrix of
G1 ∨ G2 can be represented as follows
Q = Q(G1 ∨ G2) =
[
Q(G1) + n2In1 Jn1,n2
Jn2,n1 Q(G2) + n1In2
]
.
Note that 1ni is a Q-eigenvector of Gi associated to 2ri, i = 1, 2. If v is orthogonal to 1n1 and satisﬁes
Q(G1)v = qv, then w =
[
v
0n2
]
is such that Qw = (q + n2)w. Analogously, if u is an eigenvector of
Q(G2) orthogonal to 1n2 , associated to an eigenvalue q, then z =
[
0n1
u
]
satisﬁes Qz = (q + n1)z.
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Fig. 1. The unique Q-integral wheels.
Now, for a, b ∈ R,w =
[
a1n1
b1n2
]
is an eigenvector of Q corresponding to an eigenvalue λ if and
only if w′ =
[
a
b
]
is an eigenvector of the matrix M =
[
2r1 + n2 n2
n1 2r2 + n1
]
associated to λ. Since the
characteristic polynomial of M is f (x) = x2 − (2(r1 + r2) + (n1 + n2))x + 2(2r1r2 + r1n1 + r2n2),
the result is proved. 
The corollary below gives a necessary and sufﬁcient condition for the join of twoQ-integral regular
graphs to be Q-integral.
Corollary 2.1. For i = 1, 2, let Gi is a ri-regular graph with ni vertices. The graph G1 ∨ G2 is Q-integral if
and only if G1 and G2 are Q-integral and ((2r1 − n1) − (2r2 − n2))2 + 4n1n2 is a perfect square.
Proof. From Theorem 2.1, G1 ∨ G2 is Q-integral if and only if G1 and G2 are Q-integral and the roots
of f (x) = x2 − (2(r1 + r2) + (n1 + n2))x + 2(2r1r2 + r1n1 + r2n2) are integers. So, G1 ∨ G2 is Q-
integral if and only if both graphs G1 and G2 are Q-integral and the roots
(2r1 + 2r2 + n1 + n2) ±
√
(2r1 + 2r2 + n1 + n2)2 − 8(2r1r2 + r1n1 + r2n2)
2
are integers.
Since 2r1 + 2r2 + n1 + n2 and (2r1 + 2r2 + n1 + n2)2 − 8(2r1r2 + r1n1 + r2n2) have the same
parity, in order for f (x) to have integer roots it is only necessary and sufﬁcient that (2r1 + 2r2 + n1 +
n2)
2 − 8(2r1r2 + r1n1 + r2n2) = ((2r1 − n1) − (2r2 − n2))2 + 4n1n2 is a perfect square. 
If G1 and G2 are both r-regular Q-integral graphs, we have ((2r − n1) − (2r − n2))2 + 4n1n2 =
(n1 + n2)2. So, G1 ∨ G2 is also a Q-integral graph.
As a consequence of Corollary 2.1, for every n /= 4 and 7, thewheel graphsWn ∼= K1 ∨ Cn−1 are not
Q-integral.
Corollary 2.2. The wheel graph Wn is Q-integral if and only if n = 4, 7.
Proof. It is well known that the cycle Cn−1 is Q-integral if and only if n = 4, 5 or 7. Therefore, from
Corollary 2.1,Wn ∼= K1 ∨ Cn−1 isQ-integral if and only if ((2r1 − n1) − (2r2 − n2))2 + 4n1n2 = (n −
4)2 + 16 is a perfect square. Consequently, the only Q-integral wheels areW4 andW7. 
Example. Fig. 1 displays the unique Q-integral wheels, W4 and W7. The Q-spectra are Sp Q (W4) =
(6, 23) and Sp Q (W7) = (8, 42, 3, 22), where exponents denote multiplicities.
Nowwe give an expression for the characteristic polynomial of a graph obtained from three regular
graphs by union and join.
Theorem 2.2. For i = 1, 2, 3, let Gi be a ri-regular graph with ni vertices. The characteristic polynomial
PQ (G1 ∨ (G2 ∪ G3), x) of the matrix Q(G1 ∨ (G2 ∪ G3)) is
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PQ (G1, x − n2 − n3)PQ (G2, x − n1)PQ (G3, x − n1)
(x − 2r1 − n2 − n3)(x − 2r2 − n1)(x − 2r3 − n1)g(x),
where g(x) = x3 − (2(r1 + r2 + r3) + 2n1 + n2 + n3)x2 + ((n1 + n2 + n3)(n1 + 2(r2 + r3)) + 4
(r1(n1 + r3) + r2(r1 + r3)))x − (2n1(n1r1 + n2r2 + n3r3 + 2r1(r2 + r3)) + 4r2r3(2r1 + n2 + n3)).
Proof. For i = 1, 2, 3, let Gi be a ri-regular graph on ni vertices. So, the signless Laplacianmatrix of the
graph G1 ∨ (G2 ∪ G3) can be represented as
Q =
⎡
⎢⎣
Q(G1) + (n2 + n3)In1 Jn1,n2 Jn1,n3
Jn2,n1 Q(G2) + n1In2 0n2,n3
Jn3,n1 0n3,n2 Q(G3) + n1In3
⎤
⎥⎦ .
Recall that 1ni is a Q-eigenvector of Gi associated to 2ri, i = 1, 2, 3. If v is an eigenvector of Q(G1)
orthogonal to 1n1 associated to an eigenvalue q, thenw =
⎡
⎣ v0n2
0n3
⎤
⎦ satisﬁes Qw = (q + n2 + n3)w.
Analogously, if u is an eigenvector of Q(G2) orthogonal to 1n2 associated to an eigenvalue q, then
w =
⎡
⎣0n1u
0n3
⎤
⎦ is an eigenvector of Q associated to q + n1. Similarly, if q is an eigenvalue of Q(G3) with
an associated eigenvector orthogonal to 1n3 , q + n1 is an eigenvalue of Q .
Note that, for a, b, c ∈ R,w = [a1Tn1 , b1Tn2 , c1Tn3 ]T is an eigenvector of Q corresponding to an eigen-
value λ if and only ifw′ =
[
a
b
c
]
is a λ-eigenvector of the matrix
M =
⎡
⎢⎣
2r1 + n2 + n3 n2 n3
n1 2r2 + n1 0
n1 0 2r3 + n1
⎤
⎥⎦ .
Since the characteristic polynomial of M is g(x) = x3 − (2(r1 + r2 + r3) + 2n1 + n2 + n3)x2+ ((n1 + n2 + n3)(n1 + 2(r2 + r3)) + 4(r1(n1 + r3) + r2(r1 + r3)))x − (2n1(n1r1 + n2r2 + n3r3+ 2r1(r2 + r3)) + 4r2r3(2r1 + n2 + n3)), then the proof is completed. 
Corollary 2.3. For i = 1, 2, 3, let Gi be a ri-regular graph on ni vertices. The graph G1 ∨ (G2 ∪ G3) is Q-
integral if and only if G1, G2 and G3 are Q-integral and the roots of the polynomial g(x) = x3 − (2(r1 +
r2 + r3) + 2n1 + n2 + n3)x2 + ((n1 + n2 + n3)(n1 + 2(r2 + r3)) + 4(r1(n1 + r3) + r2(r1 + r3)))x− (2n1(n1r1 + n2r2 + n3r3 + 2r1(r2 + r3)) + 4r2r3(2r1 + n2 + n3)) are integers.
The next corollary gives characterization to one speciﬁc case of Q-integral graphs.
Corollary 2.4. ThegraphG = Kn1 ∨ (Kn2 ∪ Kn3) isQ-integral if andonly if (n1 + 2n2 + 2n3)2 − 16n2n3
is a perfect square.
From Corollary 2.4, if n1 = n2 = n3 = n, it is easy to see that Kn ∨ (Kn ∪ Kn) is Q-integral. Besides,
its complement Kn1 ∨ (Kn2 ∪ Kn3) is also Q-integral, since it is isomorphic to n1K1 ∪ (n2K1 ∨ n3K1).
3. Inﬁnite families of Q-integral graphs
In this section we build many inﬁnite families of Q-integral graphs, obtained from union, cartesian
products and join of regular graphs.
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Fig. 2. The graph CS95 .
3.1. Inﬁnite families of Q-integral graphs of the form G1 ∨ G2
In2002,Hansenetal. [5] characterized integral graphs in theclassesof complete splitgraphs,multiple
complete split-like graphs, extended complete split-like graphs,multiple extended split-like graphs, whose
deﬁnitions are remembered below.
Deﬁnition 3.1. For a, b, n ∈ N, we have the following classes of graphs:
• the complete split graph CSab ∼= Ka ∨ Kb;• the multiple complete split-like graphMCSab,n ∼= Ka ∨ (nKb);
• the extended complete split-like graph ECSab ∼= Ka ∨ (Kb × K2);• the multiple extended complete split-like graphMECSab,n ∼= Ka ∨ (n(Kb × K2)).
Applying Corollary 2.1, we are able to characterize the Q-integral graphs in the classes above and,
in each one, we obtain inﬁnite families of such graphs.
Proposition 3.1. For a, b ∈ N, the complete split graph CSab is Q-integral if and only if (a + b − 2)2 + 4ab
is a perfect square. Moreover, for j ∈ N, if one of the conditions below holds, CSab is Q-integral:
1. a = 10j − 4 and b = 3j;
2. a = j(j−7)
2
+ 6, b = j and j 8;
3. a = 3j − 2 and b = 2j;
4. a = 3j and b = 2j − 1;
5. a = (j − 1)(2j − 3), b = j and j 2;
6. a = (j − 2)2, b = j and j 3.
Proof. We know that Ka and Kb are regular Q-integral graphs of orders a and b and degrees 0 and
b − 1, respectively. So, from Corollary 2.1, it follows that the graph CSab is Q-integral if and only if
(a + b − 2)2 + 4ab is a perfect square. It is easy to see that for each condition 1–6. we have the
perfect square desired. 
Example. Fig. 2 shows the complete split graph CS95 whoseQ-spectrum is SpQ (CS
9
5) = (20, 124, 58, 2).
Proposition 3.2. For a, b, n ∈ N, the multiple complete split-like graph MCSab,n is Q-integral if and only
if (a + 2(b − 1) − nb)2 + 4abn is a perfect square. Moreover, for j ∈ N, if one of the conditions below
holds,MCSab,n is Q-integral:
1. a = j, b = 1;
2. n 2, a = (n − 1)j, b = j + 2;
3. n 2, a = (n − 1)j − (n − 2), b = j − 1 e j 2;
4. n = 2, a = j, b = 3(j + 1);
5. n = 3, a = j, b = 2(j + 2).
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Fig. 3. The graphMCS23,3.
Fig. 4. The graph ECS92 .
Proof. The graphs Ka and nKb are regularQ-integral graphs of orders a and nb and degrees 0 and b − 1,
respectively. From Corollary 2.1, we have that the graphMCSab,n is Q-integral if and only if (a + 2(b −
1) − nb)2 + 4abn is a perfect square, which happens if a, b and n satisfy any of the conditions given
in the proposition. 
Example. Fig. 3 displays the multiple complete split-like graph MCS23,3 whose Q-spectrum is
Sp Q (MCS
2
3,3) = (12, 9, 62, 37).
Proposition 3.3. For a, b ∈ N, the extended complete split-like graph ECSab is Q-integral if and only if
a(a + 8b) is a perfect square.Moreover, for j ∈ N, if one of the conditions below holds, ECSab is Q-integral:
1. b = j(j+1)a
2
;
2. a = (2b − 1)2
3. a = (b − 2)2,
4. a = k2 and b = j(2j + k);
5. a = (2k − 1)2 and b = (j + k)(2j + 1).
Proof. The graphs Ka and Kb × K2 are regularQ-integral graphs of orders a and 2b and degrees 0 and b,
respectively. So, from Corollary 2.1, it follows that the graph ECSab is Q-integral if and only if a(a + 8b)
is a perfect square. It is easy to see that for each condition 1–5 we have the perfect square desired. 
Example. Fig. 4 shows theextendedcomplete split-likegraphECS92 whoseQ-spectrumis Sp Q (ECS
9
2) =
(16, 112, 9, 48, 1).
Proposition 3.4. For a, b, n ∈ N, the multiple extended complete split-like graph MECSab,n is Q-integral if
and only if (a + 2b(n − 1))2 + 8ab is a perfect square. Moreover, for j, k, n ∈ N, if one of the conditions
below holds,MECSab,n is Q-integral:
1. a = (2n − 1)b;
2. n = 2, a = j 3 and b = j(j−3)+2
2
;
3. n = 3, a = 3j and b = 2j;
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4. n = 3, a = 7j and b = 3j
5. a = (2k − 1)(2kn − 1)j and b = kj.
Proof. The graph n(Kb × K2) is a b-regular Q-integral graph on 2bn vertices. From Corollary 2.1,
we have that the graph ECSab is Q-integral if and only if (a − 2b(n − 1))2 + 8abn = (a + 2b(n −
1))2 + 8ab is a perfect square. This happens if a, b and n satisfy any of the conditions given in the
proposition. 
Example. Fig. 5 shows the multiple extended complete split-like graph MCS62,2 whose Q-spectrum is
Sp Q (MECS
6
2,2) = (16, 10, 89, 62, 2).
Remark. The complement of a graph G1 ∨ G2 is isomorphic to G1 ∪ G2. If Gi, i = 1, 2, is a regular Q-
integral graph, then Gi is also Q-integral. So, for all a, b, n ∈ N, the complements of CSab ,MCSab,n, ECSab
andMECSab,n are Q-integral graphs. However, according to Propositions 3.1–3.4, there are many values
to a, b, n ∈ N such that the graphs CSab ,MCSab,n, ECSab andMECSab,n are not Q-integral.
3.2. Inﬁnite families of Q-integral graphs of the form G1 ∨ (G2 ∪ G3)
The next two propositions present inﬁnite families of Q-integral graphs obtained as consequence
of Corollary 2.4.
Proposition 3.5. For all j, n ∈ N, 1 j < 2n, the graph Kj ∨ (K2n−j ∪ Kn) is Q-integral. In particular, the
graphs below are Q-integral:
1. Kn ∨ (Kn+2 ∪ Kn+1);
2. Kn+2 ∨ (Kn ∪ Kn+1);
3. K1 ∨ (K2n−1 ∪ Kn);
4. K2n−1 ∨ (K1 ∪ Kn).
Fig. 5. The graphMECS62,2.
Fig. 6. The graphs K3 ∨ (K4 ∪ K5) and K1 ∨ (K4 ∪ K7).
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Proof. For all j, n ∈ N, 1 j < 2n, (j + 2(2n − j) + 2n)2 − 16n(2n − j) = (j + 2n)2. So, it follows
from Corollary 2.4 that the graph Kj ∨ (K2n−j ∪ Kn) is Q-integral. 
Example. Fig. 6 displays the Q-integral graphs K3 ∨ (K4 ∪ K5) and K1 ∨ (K4 ∪ K7), whose Q-spectra
are Sp Q (K3 ∨ (K4 ∪ K5)) = (17, 103, 65, 53) and Sp Q (K1 ∨ (K4 ∪ K7)) = (15, 10, 67, 33).
Remark. Since 9n2 + 18n + 25 = (3(n + 1))2 + 16 is not a perfect square, for n ∈ N, there are no
Q-integral graphs of the form Kn+1 ∨ (Kn ∪ Kn+2).
Proposition 3.6. For all a, j, n ∈ N, the graph Ka ∨ (Kb ∪ Kb−j) is Q-integral if
1. b = n(a(n+1)−2j)
2
and n
⌈
2−a+4j
a
⌉
, or
2. b = n(a(n−1)+2j)
2
and n
⌈
a+2
a
⌉
.
Proof. If a, j, n ∈ N and n
⌈
2−a+4j
a
⌉
, then a(n + 1) 4j + 2 and, therefore, b − j = n(a(n+1)−2j)
2
−
j 1 and (a + 2b + 2(b − j))2 − 16b(b − j) = (a(2n − 1) − 2j)2.
Analogously, ifn
⌈
a+2
a
⌉
wehave thata(n − 1) + 2j 2j + 2.Consequently,b − j = n(a(n−1)+2j)
2
−
j 1 and (a − 2j)2 + 8ab = (a(2n − 1) + 2j)2.
Then, in both cases, the graph Ka ∨ (Kb ∪ Kb−j) is Q-integral. 
Finally, we present an inﬁnite family of Q-integral graphs, obtained from the family {Kn ∨ (Kn+1 ∪
Kn+2); n ∈ N} by removing some edges.
Proposition 3.7. For all n ∈ N, the graph Hn, n+1, n+2 obtained from the graph Kn ∨ (Kn+1 ∪ Kn+2) by
removing n edges between a vertex of Kn and n vertices of Kn+2 is Q-integral.
Proof. Without loss of generality, suppose that the n removed edges are v1v2n+2, v1v2n+3, . . . , v1v3n+1
and that Q(Hn, n+1, n+2) is represented by⎡
⎢⎢⎢⎢⎣
2n + 2 1Tn−1 1Tn+1 0Tn 1T2
1n−1 (3n + 1)In−1 + Jn−1 Jn−1,n+1 Jn−1,n Jn−1,2
1n+1 Jn+1,n−1 (2n − 1)In+1 + Jn+1 0n+1,n 0n+1,2
0n Jn,n−1 0n,n+1 (2n − 1)In + Jn Jn,2
12 J2,n−1 02,n+1 J2,n 2nI2 + J2
⎤
⎥⎥⎥⎥⎦ .
We note that, if u ∈ Rn is orthogonal to 1n and v ∈ Rn+1 is orthogonal to 1n+1, then
[
02n+1
u
02
]
and[
0n
v
0n+2
]
are Q-eigenvectors associated to 2n − 1.
Also, ifw ∈ Rn−1 is orthogonal to1n−1, then
[
0
w
02n+3
]
is aQ-eigenvector associated to 3n + 1,while[
03n+1
1
−1
]
is a Q-eigenvector associated to 2n.
Note that, if [a, b, c, d, e]T is a λ-eigenvector of the matrix below
M =
⎡
⎢⎢⎢⎢⎣
2n + 2 n − 1 n + 1 0 2
1 4n n + 1 n 2
1 n − 1 3n 0 0
0 n − 1 0 3n − 1 2
1 n − 1 0 n 2n + 2
⎤
⎥⎥⎥⎥⎦ ,
then [a, b1Tn−1, c1Tn+1, d1Tn , e1T2]T is a λ-eigenvector of Q .
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Since the eigenvalues of M are 5n + 1, 3n + 1, 2n + 2, 2n and 2n − 1, we conclude that the Q-
spectrum of Hn, n+1, n+2 is
SpQ (Hn,n+1,n+2) = (5n + 1, (3n + 1)n, 2n + 2, (2n)2, (2n − 1)2n).
Therefore, for each n ∈ N, Hn, n+1, n+2 is a Q-integral graph. 
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